Quantum-limited measurement of magnetic-field gradient with entangled atoms 
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We propose a method to detect the microwave magnetic-field gradient by using a pair of entangled 
two-component Bose-Einstein condensates. We consider the two spatially separated condensates to 
be coupled to the two different magnetic fields. The magnetic-field gradient can be determined by 
measuring the variances of population differences and relative phases between the two-component 
condensates in two wells. The precision of measurement can reach the Heisenberg limit. We study 
the effects of one-body and two-body atom losses on the detection. We find that the entangled 
atoms can outperform the uncorrelated atoms in probing the magnetic fields in the presence of 
atom losses. The effect of atom-atom interactions is also discussed. 

PACS numbers: 03.75.Gg, 03.75.Dg, 07.55. Ge 



I. INTRODUCTION 

Probing the magnetic field [1] is important in different 
areas of science such as physical science [2| and biomed- 
ical science etc. Recently, ultracold atoms have been 
used for detecting magnetic field due to long co- 

herence times 0,13 and negligible Doppler broadening. 
In addition, coherent collisions between atoms lead to 
nonlinear interactions which can be used for generate 
quantum entan glem ent [9[. In fact, entanglement is a 
useful resource \\(\ for enhancing the accuracy of pre- 
cision measurements. The measurements beyond the 
standard quantum limit have been recently demonstrated 
[Til li~2| by using entangled atomic Bose-Einstein conden- 
sates (BECs). 

In this paper, we propose a method to detect the mi- 
crowave magnetic-field gradient by using two spatially 
separated condensates of 87 Rb atoms as shown in Fig. [T] 
Here we consider the two hyperfine spin states of atoms 
to be coupled to the magnetic fields via their magnetic 
dipoles [a, [l3[. Recently, a BEC has been shown to 
be transported to a distance about 1 mm by using a 
conveyor belt [14|. Therefore, the two separate conden- 
sates can be used for measuring the differences between 
two magnetic fields at the two different locations. The 
magnetic-field gradient can be determined by measuring 
the variances of the population differences and the rel- 
ative phases between the two-component condensates in 
the two different wells. 

The sensitivity of the detection can be enhance d by 
using entangled atoms [ll|, El, EH- Singlet states [ilf . 
which are multi-particle entangled states, have been 
found useful for detecting the magnetic-field gradient 
[l7j . The accuracy of measurement can attain the Heisen- 
berg limit [l6l. Il7|. In this paper, we discuss how to pro- 
duce the singlet state of two spatially separated BECs 
by using entangled tunneling [18[ and appropriately ap- 
plying the relative phase shifts between the atoms. It 
is necessary to manipulate the tunneling couplings and 
atom-atom interactions of the condensates in a double 
well. These have been shown in recent experiments [l{ 
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However, the performance of detection can be affected 
by the atom losses of the condensates [22l - [24| . In fact, 
the two-body atom losses p5[ are dominant in two- 
component condensates. We study the effects of one- 
body and two-body losses on the measurements. We find 
that the entangled atoms can give better performances 
than using uncorrelated atoms in detecting the magnetic 
fields if the loss rates of atoms are much weaker than 
the coupling strength of the field gradient. Apart from 
atom losses, the effect of atom-atom interactions on the 
performance of this detection is also important [H, [2lJ ■ 
Here we show that the magnetic-field gradient can be es- 
timated if the nonlinear interactions are sufficiently weak. 
The accuracy of the detection will be reduced when the 
strength of nonlinear interactions becomes strong. But 
this can be minimized by either using Feshbach resonance 
[llj or state-dependent trap (l2| . 
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FIG. 1. (Color online) Schematic of two atomic condensates 
being placed above a surface which produces a magnetic-field 
gradient. The two trapped condensates are separate with a 
distance d. The atoms are coupled to the magnetic fields 
through their magnetic dipoles. 
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II. SYSTEM 

We consider two spatially separated Bose-Einstein con- 
densates (BECs) of 87 Rb atoms, where each atom has 
two hyperfine levels |e) = \F = 2,m' F ) and \g) = \F = 
l,mp — —1) [6|- Here the magnetic number m' F of the 
upper hyperfine level can be —2, —1 or 0. This upper- 
state |e) can be carefully chosen for which the polar- 
ization of the magnetic field is to be detected @. The 
two BECs are placed above a surface which generates a 
magnetic-field gradient as shown in Fig. [TJ The two con- 
densates are coupled to the two different magnetic fields 
via their magnetic dipoles [f| [l3| . 

We adopt the two-mode approximation [28{ to describe 
the atoms in deep potential wells. The Hamiltonian Hq 
can be written as [l8| 



Ho = --(E e J ele R + E g J g[g R + K.c) 



+h 

a=L,R 



+ U gg n 2 g J, (1) 



where e a (g a ) and n Ca {n ga ) are the annihilation and num- 
ber operators of the atoms in the state |e)(|.g)) in the left 
and right potential wells, respectively. The parameters 
E e j(E 9 j) and U ee {U gg ) are the tunneling strength between 
the two wells and the atom-atom interaction strength, for 
the states |e) (!<?)), and U eg is the interaction strength be- 
tween the atoms in the two different components. 

We consider the atoms to be resonantly coupled to 
the microwave magnetic fields. The transition frequen- 
cies of hyperfine states can be tuned by a static magnetic 
field [6j. Here the other hyperfine transitions can be ig- 
nored due to large detuning 0. The Hamiltonian Hj, 
describes the internal states and their interactions be- 
tween the magnetic fields, is given by [1] 



H, 



a=L,R 



\UJ e n ea + u n oa + 



17 Q 

Y 



H.c. 



( 2 ) 

where ui e and uj 9 are the frequencies of the atoms in the 
states |e) and \g), respectively, and w is the frequency 
of the magnetic field. The parameter Hl(Qr) is the 
coupling strength between the atoms and magnetic field 
Bl(Br) in the left(right) potential well. 

We work in the interaction picture by performing the 
unitary transformation as 



U(t) = exp — it (ujn ea + ui g n ga ) 

a=L,R 

The transformed Hamiltonian becomes 

H I = h [An ea + ^(et 9Q +H.c.; 

a=L,R 



(3) 



(4) 



where A = uj e — u> is the detuning between the atoms and 
the magnetic field. 



If the two wells are separate with a large distance, 
then the tunneling strengths are effectively turned off, 



i.e., Ej = Ej = 0. Here we consider the number of 



atoms in each trap to be equal to N/2, where N is the 
total number of atoms. For convenience, the system can 
be expressed in terms of angular momentum operators as 
291: 



J ax — 2 ( e a9a + 9a e a)i 
Jay — ~^( e a9a ~ 9a e a), 



J az 



1 



(5) 
(6) 
(7) 



= 2^ ea ~9a9a), 

where a = L, R. The Hamiltonians Hq and Hi are 
rewritten as 



H = h 



a=L,R 
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Ugg)NJ az + X Ja 



(8) 
(9) 



a=L,R 

where \ — U ee + U gg — 2U eg . We have omitted a constant 
term h{U ee N 2 + U gg N 2 + 2U eg N 2 + 4A7V)/8. 



III. DETECTION OF MAGNETIC-FIELD 
GRADIENT 

We present a scheme for detecting the magnetic-field 
gradient by using a pair of entangled BECs. First, it 
is necessary to generate the entanglement between two 
spatially separated condensates. Then, one of the con- 
densates can be brought to another place for detec- 
tion and the atoms are coupled to the magnetic fields. 
The magnetic-field gradient can be estimated by mea- 
suring the variances of the population differences and 
relative phases between the condensates in the two in- 
ternal states. The procedure of this detection scheme is 
described in the following: 



A. Generation of entangled states 

To enhance the sensitivity of detection, it is necessary 
to generate the entanglement between the two separate 
condensates. We consider the condensates to be prepared 
in an entangled state which is given by 16] 

|* in > = ^==^(-in j5 m) L \j,-m) R , (10) 

m 

where |j, m) a is an eigenstate of angular momentum op- 
erator J az for a — L,R, and j — N/4. The spin states 
of the two condensates are anti-correlated fl8j |. 

Now we discuss how to generate the entangled state 
l^in) in Eq. (flOl) . Initially, the atoms in the two dif- 
ferent internal states |e) and \g) are confined in the dif- 
ferent potential wells, respectively, where each conden- 
sate has an equal number of atoms, N/2. The intra- 
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FIG. 2. (Color online) (a) Time evolution of the population 
difference between two wells versus time, for the atoms in 
the state \g). (b) Fidelity between the input state |$i n ) and 
the state \ip(t)) versus time. The red circle denotes the zero 
population difference between the two wells at the time t*. 
The parameters are used: N = 4, U = WEj, 8l = S and 
Sr = 0. 



and inter-component interaction strengths are tuned to 
be the same, i.e., U ~U ee ~U g g~U eg /2. The tunneling 
strengths Ej w Ej w Ej are much weaker than the atomic 
interaction strengths U. The entanglement between the 
atoms in the two components can be dynamically pro- 
duced via the process of tunneling [l^]. In this process, 
the atoms in the two different internal states can tunnel 
in pair due to the strong atom-atom interactions. The 
entangled state can then be generated as [18| 

|*(t*)> *J2cn\n) gL \N/2-n) gR \N/2-n) eL \n) eR , (11) 

n 

where c n is the probability amplitude. When the pop- 
ulation difference between the wells for each component 
condensate is about zero at the time t*, the probabil- 
ity amplitude c„ is approximately equal to 1/ y/N/2 + 1. 
Then, the tunneling can be effectively switched off by 
adiabatically separating the two wells. Since the number 
of atoms in each well is equal to each other, the two- 
component condensate in each trap can be effectively de- 
scribed by an angular momentum system. Therefore, the 
state | can be rewritten as [18[ 

l*(0) « Tf^jEl")^ \ N / 2 - \ N / 2 - n )sM \n)e R , 

V J m 

~ ^2 1 + 1 ^ \j> m )iM,-™)R, (12) 
where \j,m) L = \n) gL \Nj2-n) eL and \j,-m) R = \N/2- 




FIG. 3. (Color online) Fidelity between the input state l^m) 
and the entangled state |$) versus the total number N of 
atoms. The fidelities are shown with the different parameters 
for generating |^): U = 5Ej (red cross), WEj (blue plus) 
and 50Ej (black empty circle), respectively. 



ri)g R \n) eR are the eigenstates of Jl z and J Rz , respec- 
tively. 

In Fig.[^a), we plot the population difference between 
the two wells versus time, where the atoms are in \g). A 
red empty circle denotes the time t* for which the pop- 
ulation difference is equal to zero. The atoms in \g) can 
tunnel to the other well even if the interaction strengths 
U are much stronger than Ej. 

The entangled state in Eq. (JT2J) differs from the 

entangled state l^m) in Eq. (JTOJ) in the relative phases 
between the atoms. A relative phase shift can be ac- 
cumulated by turning on the interaction which can be 
described by the Hamiltonian H lp as 



H rp = h(5 L J Lz + S R J Rz ) 



(13) 



where 8l is not equal to Sr. The state \tp(t)) can be 
produced as 



\W))=exp(-iH ip t)\9(f)). 



(14) 



This interaction can be made by controlling the strength 
U ee and Ugg in Eq. (|5|) in one of the potential wells. Note 
that this interaction will not change the population dif- 
ference between the two-component condensates. There- 
fore, the quantum numbers m in Eq. (|12p remain un- 
changed during the interaction. After turning on the in- 
teraction for a specific time, the required entangled state 
\^) can then be produced, where is the state which 
has the maximum fidelity [3(| between \^i n ) and 

We then study the fidelity between the states |\&i n ) and 
\tp(t)). In Fig. (lib), we plot the fidelity, \(^ in \^(t)}\ 2 , is 
plotted versus the time, where 5l = 8 and 5 R = 0. The 
fidelity varies with the time t as shown in Fig. Hfb). The 
highest fidelity can exceed 0.9. 

In addition, we examine the fidelity between the states 
l^in) and \^} for the different numbers N of atoms in 
Fig. [31 As TV increases, the fidelities decreases. However, 
the higher fidelity can be obtained with a higher ratio of 

U to Ej. 
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B. Coupling to the magnetic field 

We consider the atoms to be coupled to the magnetic 
field at resonance, i.e., A = and set U ee = U gg . Here 
we assume that the strengths of atom-atom interactions 
are much weaker than the coupling strengths fiz, and 
ilji, and therefore they are ignored here. The effect of 
the atom-atom interactions will be discussed later. The 
Hamiltonian Hi reads 

Hi = h(n L J Lx + tt R J Rx ). (15) 

The magnetic coupling strengths ft l and £Ir are different 
to each other. Let us write J7l = + and H, R = 

— VLd/2. The Hamiltonian Hi can be written as 

Ml d 



Hi — h£l(J Lx + J Rx ) 



-{Jhx — J, 



Rx) 



(16) 



This small parameter Qd is to be determined. 



C. Read-out process 



The magnetic-field gradient can be estimated by mea- 
suring the variance (Jy Z ) = (Jy_ — J z+ ), where J y ~ — 
Jl v - J R V and J z+ = J Lz + J Rz . Physically speak- 
ing, (J ay ) and ( J az ) are the expectation values of the 
relative phase and population difference between the 
two-component condensates in the potential well a, for 
a = L,R. The variance (Jy Z ) is given by 



N(N + 4) 
12 



cos (</>£>). 



(17) 



where (f>u = Qot. Here (J y -) and (J z +) are equal to 
zero for the input state \^i n ) in Eq. (fTDj) . The expecta- 
tion value (Jy Z {4>D)) is a function of the parameter 0j> 
Therefore, this quantity can be used for determining the 
magnetic-field gradient Vto . In Fig. [4j we plot the vari- 
ance (Jy Z ) versus the time, for the two different initial 

states l^in) and respectively. The variances (Jy Z ) os- 
cillate with the frequency 4>d, for these two initial states. 
But the variance (Jy Z ) shows some small-amplitude fluc- 
tuations in the slow oscillations if the initial state 14") is 
used. 




FIG. 4. (Color online) The variances (Jy Z ) are plotted ver- 
sus time, for N = 4 and Q,d = 0.05S1. The black solid and 
blue dotted lines are shown by using the two different initial 
states |^in) and 1^}, respectively, where U = lOEj is used 
for producing 




FIG. 5. (Color online) The minimum of the uncertainties 
Stjj'o 111 versus the total number N of atoms, for £Id = 0.05Q. 
The empty circles and blue crosses denote the system with the 
two different initial states [SPin) and respectively, where 
U = WEj is used for producing the state |\£'}. 



At the time t 
is 



7r/2f2£>, the minimum uncertainty ■ 



D. Sensitivity of detection 

The magnetic-field gradient can be estimated from the 
variance (Jy Z )- The uncertainty of the parameter 4>u is 
given by 



A J 2 



>L> 



\d(Jl z )/dM 



(18) 



where AJ 2 ^ = y (Jy Z ) - (Jy Z ) 2 - The uncertainty 54>d 
can be found as 

_ ^/ l5sin 2 ( ( /> g ) + (iV-2)(iV + 6)cos 2 (0 g ) " (ig) 



5N(N + 4) sm 2 ((j) D ) 



N(N + 4) ' 



(20) 



The uncertainty scales with 1/N, for large N. Thus, the 
accuracy of measurement can reach the Heisenberg limit 

In Fig. [5J we plot the minimum uncertainties <5<?Vg m 
versus the total number of atom, for the two different 
initial states |^i n ) and |^), respectively. The measure- 
ment using the two different initial states can give the 
similar values of 50™ n . Therefore, the entangled state 
|\&) can provide a similar accuracy of the case using the 
input state |* in ) in Eq. (ITU1) . 
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IV. EFFECT OF ATOM LOSSES 

Now we study the sensitivity of the detection in the 
presence of one-body and two-body atom losses. 




125 250 
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FIG. 6. (Color online) (a) Variances {Jy Z ) versus time, (b) 
Variances (J z ) versus time. The initial state is the entangled 
state |^in) in Eq. ((10} . The parameters are used: Qd = 
0.05O and N — 2. The different damping rates are shown: 
7° = (black solid line), 0.0025fi (blue dotted line), 0.005ft 
(red dashed line), 0.0075S7 (green dot-dashed line) and 0.01f2 
(cyan solid line), respectively. The red empty circles denote 
the intersection points at (Jy Z ) = 0. 



A. One-body atom loss 

Here we study the one-body atom losses by using the 
phenomenological master equation [22|, [23[ . The master 
equation, describes one-body atom losses, can be written 

as HHg 

p = i[p, H] + J2 y (2/^1 - &P a p - pPlfi a ), (21) 

a,P 

where 7^ is the damping rate of one-body atom loss, and 
a = L, R and j3 = e, g. 

We compare the two estimators (Jy Z ) and ( Jf } for de- 
termining the parameter in the presence of one-body 
atom loss, where J z = Jl z + Jrz is the sum of the pop- 
ulation difference between the two hyperfine spin states 
of condensates in the two wells. In Fig.JBJa), we plot the 
variance (Jy Z ) versus time for the different damping rates 
7° = 7 e ° = 7°- 



0.7 . 
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2 4 6 8 10 

N 

FIG. 7. (Color online) The minimum uncertainties 5(j)f> m 
are plotted versus N for Qd = 0.05fl. The different damping 
rates are shown: 7 = (black empty circle), 0.0050 (blue 
plus) and 0.01Q (red cross), respectively. The green diamonds 
(dashed line) denote the case of using uncorrelated atoms with 
the uncertainty, \ for 7° = 0. 



The initial state is \^m) in Eq. (flO|) . We can see that 
the variances (Jy Z ) intersect at the same point at the time 
t = n7r/2f2£>, where n is an odd number. The parameter 
firj can be estimated in the vicinity of these intersection 
points. In fact, the minimum uncertainty of the param- 
eter flu can be obtained at the first intersection point, 
i.e., t = 7r/2Qjj. 



In Fig.injb), the variances ( Jf ) are plotted versus time, 
for the different damping rates 7 . For 7 = 0, the vari- 
ance (J z ) can be used for determining the parameter tip 
17]. However, the estimators (J|) do not intersect at the 
same point for the different damping rates 7 . Besides, 
the atom losses cause a shift of the oscillations. This 
means that (J|) is not a faithful estimator for determin- 
ing the parameter flu in the presence of atom losses. 



In Fig. we plot the minimum uncertainties <50™ ln 
versus the total number N of atoms, where N is up to 
10. Here the minimum uncertainty (J^ 111 are obtained at 
the time t — Tr/2fl]j. For comparsion, the case using un- 
correlated atoms without any atom loss is shown (green 
diamonds in Fig. [7]), where the uncertainty is equal to 
1/y/N [ld|. In Fig. [3 the entangled atoms can give a bet- 
ter performance than the uncorrelated atoms in detection 
if the damping rate 7 is much smaller than J7o = 0.05O. 
When 7 = 0.01O becomes comparable to fi^, the accu- 
racy of the detection is similar to the case using uncor- 
related atoms as shown in Fig. [7] 
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B. Two-body atom loss 

The phcnomcnological master equation, describes two- 
body atom losses, can be written as 24] 

a=L,R 

Y 22, ( 2e a9 a pe f a gt - e f a e a gig a p - peie a g f a g a ), 

a=L,R 

(22) 

where the parameters 7* e and 7^ are the damping rates 
of two-body atom losses for the condensates in the up- 
per internal state |e) and the atoms in the two different 
components, and a = L, R. 




nt 

FIG. 8. (Color online) Variances (Jy Z ) versus time, (a) 
The different damping rates are shown: 7* g = (black solid 
line), 0.005f2 (blue dotted line) and Q.Q1Q. (red dashed line), 
respectively, and 7e e = 0. (b) The different damping rates are 
shown: ylg = (black solid line), O.OOlfi (blue dotted line) 
and 0.002J1 (red dashed line), respectively, and jt e = 1.5jt g . 
The initial state is the input state l^in)- The parameters are 
used: Qn = 0.05Q and N = 4. The red empty circles denote 
the intersection points at (Jy Z ) = 0. 

In Fig.(5Ja) and (b), we plot the estimators (Jy Z ) ver- 
sus time, for the different damping rates 7* ff of two-body 
atom losses, and 7* e = in (a) and 7* e = 1.57* g [25[ in 

(b), respectively. Both of the results show that (Jy Z ) in- 
tersect at the times nir /2firj>, where n is an odd number. 
Therefore, the parameter can be estimated at the 
times mr/2flD in the presence of two-body atom losses. 



0.5rr 




FIG. 9. (Color online) The minimum uncertainties S<f)f} n 
versus N for fijj = 0.05f2. The different damping rates 7 eg 
are shown: — (black empty circle), 0.0025f2 (blue plus), 
0.005S7 (red cross), 0.0075S7 (yellow square), 0.01S7 (cyan star) 
respectively. The green diamonds (dashed line) denote the 
uncertainty, 1 / v~N, by using uncorrelated atoms without any 
atom loss. 



In Fig. IH1 we plot the minimum uncertainties <5</>Jg m 
versus N, where the minimum uncertainties are taken at 
the time t = n/2Qo- The uncertainties from the mea- 
surement with uncorrelated atoms are shown with green 
diamonds, where 7* g = 7* e = 0. The parameters (50™ 
have the different scalings with N, for the different rates 
7* ff and 7* e = 0. For small 7* , the entangled atoms can 
outperform the uncorrelated atoms for detection. When 
ll g > 0.007517 and N > 8, the uncertainty 8cj)^ m does 
not decrease with N. To obtain the good performance 
of the measurements, the damping rates 7* g have to be 
much smaller than the coupling strength of the magnetic- 
field gradient. 

0.5 fz 1 1 1 



0.4 - 



50 




O.f 1 1 1 1 

4 6 8 10 

N 

FIG. 10. (Color online) The minimum uncertainties 5</>£j m 
versus N, for Qd — 0.05f2. The different damping rates are 
shown: 7* g = (black empty circle), 7* g = 0.001S1 (blue 
cross) and 7e g = 0.002J1 (red plus), respectively, for jl e = 
1.57e g . The green diamonds (dashed line) denote the case of 
using uncorrelated atoms with the uncertainty, l/y/N. 
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Then, we study the sensitivity of the detection by in- 
cluding the two-body atom loss for the atoms in the ex- 
cited states in |e) [25|. In Fig. [101 we plot the minimum 
uncertainty S(f>f^ n versus N, where the minimum uncer- 
tainties are taken at the time t = tt/2Q,o. Here we set 
7* e = l-57* g (25j . The minimum uncertainty exceeds the 
case of using uncorrelated atoms when 7^ is equal to 
0.002i7. In this case, the two-body atom losses become 
more detrimental to the performance of the detection. 



EFFECT OF ATOM- ATOM INTERACTIONS 



strength can be appropriately adjusted by using 
bach resonance pjj and state-dependent trap [12| 



Fesh- 



0.5EJ- 




250 



FIG. 11. (Color online) Time evolution of variances (Jy Z ), for 
different strengths of atom-atom interactions: \ — (black- 
solid line), 10" 4 fi (blue-dotted line), 5 x 1CT 4 S! (red-dashed 
line) and 0.001S1 (green-dot-dashed line), respectively. The 
parameters are used: TV = 50 and Q.d = 0.05Q. The red 
empty circles denote the intersection points at (Jy Z ) = 0. 



We investigate the effect of the atom-atom interactions 
on the detection of magnetic- field gradient. In Fig. [TTJ 
we plot the variances (Jy Z ) versus time, for the differ- 
ent nonlinear interaction strengths X- When \N <C fin, 
(Jy Z (t)} are close to each other, for the different strengths 
X- If the nonlinear interaction strength x increases, 
then the amplitude of oscillations decreases as shown in 
Fig-HU In addition, the variances (J? z (t)}, for xN-^£Id, 

almost meet at the same points (Jy Z ) = at the times 
t = n7r/2fi£>, where n is an odd number. At the times 
rj7r/2f2£), these give the minimum uncertainty of the pa- 
rameter 

Then, we investigate the uncertainty 8<p* D at the time 
t = 7r/2f2/). In Fig.[TJl we plot the uncertainties S(j>* D ver- 
sus N, for the different nonlinear interaction strengths x- 
The uncertainty 8<jf D is close to the minimum uncertainty 
<50™ ln for xN <C ri_o. When x increases, the uncertainty 
8(j)* D does not decrease for larger N as shown in Fig. [12] 
Therefore, the strong nonlinear interactions limit the per- 
formance of detection. 

In fact, the effects of nonlinear interactions can be min- 
imized by setting \N<^SId- The nonlinear interaction 




FIG. 12. (Color online) The uncertainties 8<j>* D are plotted 
versus N, for 5£Id ~ 0.05fi. The different strengths of atom- 
atom interactions are shown: x — (black empty circle), 
10 _4 fi (blue cross), 5 x 10~ 4 fi (red square) and O.OOlil (green 
plus), respectively. 



VI. DISCUSSION 

Let us make some remarks on our method for detecting 
the magnetic-field gradient by using 87 Rb atoms. The 
transition frequency of 87 Rb atoms can be tuned by using 
an external static magnetic field @, the range of the 
frequencies of the detected magnetic field is about a few 
GHz to 10 GHz [IHH. 

Next, we roughly estimate the magnitude of the 
magnetic-field gradient which can be probed by using 
the condensates. Indeed, the measurement is mainly 
limited by the atom loss rate of the condensates. The 
main source comes from two-body atom losses [25[. The 
two-body loss rate (7^ + ll e )N/V, where ll a (ll e ) ~ 
10~ 13 cm 3 s _1 [25| and V is the volume of the condensate. 
The rates of two-body atom losses depend on the density 
of the atomic gases. We assume that V is about (1/im) 3 . 
The rates of two-body atom loss range from 1 Hz to 10 
Hz, for N — 10 to 100. To obtain the good performance, 
the coupling strength of the magnetic- field gradient 
must be much larger than the two-body atom loss rates. 
The coupling strength ^Il(r) between the two states is 
about A*b-^l(-R)/^ Hi where [is is the Bohr magneton. 
Thus, the minimum value of magnetic field can be de- 
tected ranging from 10" 10 T to 10~ 9 T, for N = 10 to 100 
and V — (1/im) 3 . The minimum value of the detectable 
magnetic-field gradient is about 10 _9 ^10~ 10 T. 



VII. CONCLUSION 

In summary, we have proposed a method to detect the 
magnetic-field gradient by using entangled condensates. 
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We have described how to generate entangled states of 
two spatially separated condensates. The magnetic-field 
gradient can be determined by measuring the variances 
of relative phases and population differences between the 
two-component condensates in the two wells. The un- 
certainty of the parameter scales with 1/N. We have 
also numerically studied the effects of one-body and two- 
body atom losses on the detection. We show that the 
entangled atoms can outperform the uncorrelated atoms 
in detecting the magnetic fields for a few atoms. The 
effect of atom-atom interactions on this method has also 



been discussed. 
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